We investigate the Bagger-Lambert-Gustavsson model associated with the Nambu-Poisson algebra as a theory describing a single M5-brane. We argue that the model is a gauge theory associated with the volumepreserving diffeomorphism in the three-dimensional internal space. We derive gauge transformations, actions, supersymmetry transformations, and equations of motions in terms of six-dimensional fields. The equations of motions are written in gauge-covariant form, and the equations for tensor fields have manifest self-dual structure. We demonstrate that the double dimensional reduction of the model reproduces the non-commutative U (1) gauge theory on a D4-brane with a small non-commutativity parameter. We establish relations between parameters in the BLG model and those in M-theory. This shows that the model describes an M5-brane in a large C-field background.
Introduction
Recently, a model of the M5-brane world-volume field theory was constructed [1] as a system of infinitely many M2-branes. The theory of Bagger, Lambert [2] and Gustavsson [3] was used to describe the multiple M2-brane system. In the BLG model, a background configuration of the M2-brane system corresponds to the choice of a Lie 3-algebra [4] , and the Lie 3-algebra used for the M5-brane is the Nambu-Poisson algebra [5] on a 3-manifold N which appears as the internal space from the M2-branes' point of view, but it constitutes the M5-brane world-volume together with the M2-brane world-volume.
It was shown [1] that at the quadratic order of the Lagrangian, the M5-brane theory contains a self-dual two-form gauge field, in addition to the scalars corresponding to fluctuations of the M5-brane in the transverse directions, as well as their fermionic super-partners. To the order that was computed, this M5-brane is different from, but compatible with previous formulations of the M5-brane theory [6, 7] . In [1] , higher order terms of the Lagrangian were not considered, and a truncation was applied as a short-cut to show the desired properties of the M5-brane model. In this paper, we show that actually the "truncation" did not really remove any physical degrees of freedom. The only physical components of the gauge field are exactly those surviving the truncation.
By the inclusion of the nonlinear terms, the geometrical structure of the system becomes transparent. We show that the gauge transformation defined by the Lie 3-algebra can be identified as the diffeomorphism of N which preserve its volume 3-form. The gauge potential associated with this symmetry can be identified with two-form gauge field b µν (an index µ for the world-volume and anotherν for the internal space N ) which is a particular combination of the Bagger-Lambert gauge field A µab . We show that only a particular combination of A µab is relevant to define the gauge symmetry, the action and the supersymmetry. We note that the internal space N may be regarded as the fiber on the three dimensional membrane world-volume M in a sense.
The second characteristic feature of the system is that not only the covariant derivative defined by the gauge potential b µν is covariant, the triplet commutator {Xμ, Xν , Φ} is also covariant. This follows from the fundamental identity of the Nambu-Poisson structure. From this combination, we obtain the second two-form field bμν by which we can define the covariant derivative in the fiber direction N . By combining two covariant derivatives, one obtains various six dimensional field strengths associated with b µν , bμν.
The BLG action and the equations of motion are rewritten in terms of these fields. The equations of motion for the tensor field are written in a manifestly gauge-covariant form and combined with the Bianchi identity into a self-dual form.
We organize the paper as follows. In section 4, we derive the BLG gauge symmetry associated with the Nambu-Poisson bracket and identify the gauge fields b µν , bμν from the gauge field A µab and the scalar field Xμ. In particular we identify the gauge transformation as the volume-preserving diffeomorphism of N . In section 5 we derive two types of covariant derivatives from two-form gauge fields and the corresponding field strengths. The BLG action is then rewritten in terms of these fields and we derive the equation of motion. As mentioned, it is identical to the equation for self-dual field strength with the source terms associated with other fields. In section 6, we derive the supersymmetry transformation of the six dimensional fields.
In [8] , the connection with M5 brane was used to provide the geometrical origin of extra generators in the construction of Lie 3-algebra which contains arbitrary Lie algebra. In section 7 we provide a detailed explanation of the derivation of D4 action from BLG model by the double dimensional reduction. Here the volume-preserving diffeomorphism is replaced by the area-preserving diffeomorphism. By comparing the obtained D4-brane action to the known result, we find explicit relations between parameters in the BLG model and those in M-theory (the Planck scale and the magnitude of the background Cfield.) This clearly indicates that the BLG model well describes an M5-brane in a large C-field background.
In section 9, we give a few conjectural arguments which may be helpful to understand the geometrical nature of M5 brane in the future. First, in section 9 we point out that the M5-brane theory we obtained may be interpreted as a dynamical theory for the Nambu-Poisson structure. In this sense it is analogous to the Kodaira-Spencer theory [9] for the complex structure of a Calabi-Yau manifold.
The last section is devoted to additional remarks and speculations. For other recent developments of the BLG model, see [10] .
Review of BLG model
Lie 3-algebra The novelty of the BLG model is that it integrates a novel symmetry defined by Lie 3-algebra with supersymmetry. The Lie 3-algebra is defined by an antisymmetric trilinear product, called Nambu bracket, which will be represented by the bracket { * , * , * }. We denote the basis of the algebra be T a . The consistency condition of Lie 3-algebra is that it must satisfy the so-called fundamental identity:
It is often convenient to define the structure constant f abc d by
For the construction of an action we need an invariant metric
which satisfies,
With the Lie 3-algebra, various fields in BLG model which are symbolically written as φ = a φ a T a transform infinitesimally as
for the gauge parameter Λ ab . The fundamental identity implies that this transformation closes in the following sense,
As a result of (4), the metric (3) must also be invariant under the symmetry (5),
The BLG model, whose action is constructed with the structure constant and the invariant metric, is a gauge theory associated with this symmetry.
where the covariant derivatives are
We denote the world-volume of the membrane as M and its coordinate as x µ (µ = 0, 1, 2). The supersymmetry transformation parameter ǫ and the fermion Ψ belong to 8 s and 8 c representations, respectively, of the SO(8) R-symmetry, and are represented as 32 component spinors satisfying
This Lagrangian has a gauge symmetry associated with the 3-algebra,
where
The Bagger-Lambert action has the maximal (N = 8) SUSY in d = 3,
3 Nambu-Poisson bracket and promotion of 3d fields to 6d
Nambu-Poisson bracket as Lie 3-algebra For the construction of M5-brane, we introduce an "internal" three-manifold N and use the Nambu-Poisson bracket
on N as a realization of three-algebra. Here yμ (μ =1,2,3) is the local coordinate on N . For literatures on the Nambu-Poisson bracket, see for example [11, 12] . One of the most important properties of the Nambu-Poisson bracket is that it satisfy the analog of the fundamental identity for arbitrary functions
This gives a very severe constraint on the coefficient Pμνλ(y). Actually it is known that by the suitable choice of the local coordinates, it can be reduced to the Jacobian,
This property is referred to as the "decomposability" in the literature [12] . By using this fact, we can use (23) in the following without losing generality. We also note that the dimension of the internal manifold N is essentially restricted to 3 because of the decomposability. If we choose the basis of functions on N as χ a (y) (a = 1, 2, 3, · · ·) and write the Nambu-Poisson bracket as a Lie 3-algebra,
eq. (22) implies that the structure constant f abc d here satisfies the fundamental identity.
The integration over the y-space can be used to define the invariant metric,
It is obvious that this satisfies (4) . We define
Because we have already fixed the scale of yμ at (23), we cannot in general remove the coefficient g from the metric (26). As we will show later, however, if the internal space is N = R 3 , it is possible to set this coupling at an arbitrary value by an appropreate re-scaling of variables. Except for the trivial case (N = R 3 ), we have to cover N by local patches and the coordinates yμ are the local coordinates on each patch. If we need to go to the different patch where the local coordinates are y ′ , the coordinate transformation between y and y ′ (say y ′μ = fμ(y)) should keep the NambuPoisson bracket (23) . It implies that {f1, f2, f3} = 1 .
Namely fμ(y) should be the volume-preserving diffeomorphism. As we will see, the gauge symmetry of the BLG model for this choice of Lie 3-algebra is the volume-preserving diffeomorphism of N which is very natural in this set-up. We note that we do not need the metric in yμ space. For the definition of the theory we only need to specify a volume form in N . The gauge symmetry associated with the volume-preserving diffeomorphism is kept not by the metric but the various components of the self-dual two-form field which comes out from A µab and Xμ (longitudinal components of X) as we will see.
Definition of 6 dim fields By combining the basis of C(N ), we can treat X I a (x) and Ψ a (x) as six-dimensional local fields
Similarly, the gauge field A ab λ can be regarded as a bi-local field:
The existence of such a bi-local field does not mean the theory is non-local. Let us expand it with respect to ∆yμ ≡ y ′μ − yμ as
Because A λab always appears in the action in the form f bcd a A λbc , the field A λ (y, y ′ ) is highly redundant, and only the component
contributes to the action 1 . For example, the covariant derivative (14) of BLG model is rewritten for our case as,
The covariant derivative for the fermion field is similarly,
Longitudinal fields In [1] , this theory written in terms of fields on six dimensions is identified with the theory describing a single M5-brane. At this point, only the x µ part of the metric g µν = η µν is defined, and we still have SO(8) global symmetry, which is different from the SO (5) symmetry expected in the M5-brane theory. This is quite similar to the situation in which we consider the D-brane BornInfeld action. The Born-Infeld Dp-brane action of ten-dimensional superstring theory possesses SO(1, 9) Lorentz symmetry regardress of the world-volume dimension p + 1. The rotational symmetry is reduced to SO(9 − p) for the transverse directions only after fixing the general coordinate transformation symmetry on the world-volume with the static gauge condition 2
This gauge fixing breaks the global symmetry from SO (1, 9) to SO(9 − p), and at the same time the world-volume metric is induced from the target space metric through (34). We can interpret the six-dimensional theory we are considering here as a theory obtained from an SO (1, 10) symmetric covariant theory by taking a partial static gauge for three among six world-volume coordinates. As we mentioned above, however, we do not have full diffeomorphism in the yμ space. The action is invariant only under volume-preserving diffeomorphism. This implies that we cannot completely fix the fields Xμ, and there are remaining physical degrees of freedom. For this reason, we should loosen the static gauge condition as [1] Xμ(x, y) = yμ + bμ(x, y), bμν = ǫμνρbρ.
As was shown in [1] , the tensor field bμν is identified with a part of the 2-form gauge field on a M5-brane.
Comments on the coupling constant In the case of ordinary Yang-Mills theories, there are two widely-used conventions for coupling constants and normalization of gauge fields. One way is to normalize a gauge field by the canonical kinetic term −(1/4)F 2 µν and put the coupling constant in the covariant derivative D = d − igA. The other choice is to define the covariant derivative D = d−iA without using the coupling constant and instead put 1/g 2 in front of the kinetic term of the gauge field. Similarly, there are different conventions for coupling constant in the case of the BL theory, too. In the above, we put the coupling constant g in the definition of the metric (26). This corresponds to the second convention we mentioned above. We can move the coupling dependence from the overall factor to the interaction terms by re-scaling the fields
with c = g. In general, as ordinary Yang-Mills theories, we cannot remove the coupling constant completely from the action. If the internal space N is R 3 , however, we have an extra degree of freedom for re-scaling, and it is in fact possible to the coupling constant from the action. Let us consider the following re-scaling of variabvles.
This variable change is associated with an outer automorphism of the algebra, and does not change the relative coefficients in the action. The only change in the action is the overall factor. We can thus absorb the coupling constant by (37), and this implies that the six-dimensional theory does not have any coupling constant. We can adopt an elegant convention in which no coupling constant appears. However, we adopt a different convention below. Because we interpret the sixdimensional theory as a theory of an M5-brane, we would like to regard the scalar field X I as the coordinates of the target space with mass dimension −1. We also give the meaning to the variables yμ as the world-volume coordinates, which also have mass dimension −1. We choose the parametrization in the yμ space so that the linear part of the six-dimensional action is invariant under Lorentz transformations in the (x µ , yμ) space. After fixing the scale of X I and yμ in this way, we can no longer use the two re-scalings (36) and (37) to change the coupling constant and overall coefficient of the action. These two parameters have physical meaning now.
In the following, in order to express the coupling constant dependence of each term in the action clearly, we separate the coupling constant g from the structure constant. We also introduce an overall coefficient T 6 , which is regarded as an effective tension of the M5-brane. This plays an important role in the parameter matching in §7, but we will omit this factor in §4, §5, and §6 for simplicity because it is irrelevant to the analysis in these sections.
Gauge symmetry of M5 from Lie 3-algebra
Gauge transformaion The gauge transformations of the scalar fields X I and fermion fields Ψ are given by
where we used
δ Λ yμ is defined as
. (41) We note that although the parameter of a gauge transformation may be expressed as a bi-local functionΛ(x, y, y ′ ), the gauge transformation induced by it depends only on its component Λμ(x, y) which is local in N . It comes from the fact that the gauge transformation by Λ ab is always defined through the combination f abc d Λ ab . The same argument can be applied to the gauge field A µ (x, y, y ′ ). As we already mentioned, since it appears only through the combination A µab f abc d , the local field b µλ (x, y) defined as (31) shows up in the action.
The transformation (38) may be regarded as the infinitesimal reprametrization
Since ∂μδyμ = 0, it represents the volume-preserving diffeomorphism. Since the symmetry is local on M, the gauge parameter is an arbitrary function of x. So what we have obtained is a gauge theory on M whose gauge group is the volume-preserving diffeomorphism of N . In this sense, the world-volume of M5 brane may be regarded as the vector bundle N → M but the gauge transformation on each fiber is not merely the linear transformation but the diffeomorphism on the fiber which preserves the volume form
As we mentioned in the previous section, among eight scalar fields X I , the last five components X i are treated as scalar fields representing the transverse fluctuations of the M5-brane. The other three Xμ (longitudinal field) are rewritten as as
We chose the coefficients so that we obtain Lorentz invariant kinetic terms in the six-dimensional action. The gauge transformation of bμν can be derived from (38) and (44) as
The gauge transformation of the gauge field A λ (x, y, y ′ ) is given by δ Λ A λ (x, y, y ′ ) = D λΛ (x, y, y ′ ). The covariant derivative of a bi-local field is defined by tensoring the covariant derivative (32) for a local field, and we obtain
. (46) From this we can extract the transformation law of the component field b λσ
where δ gc b λσ is the coordinate transformation in y-space
and ξ Λ is defined by
In addition to these gauge transformations derived from (14) and (17), there is an additional gauge transformation which acts only on the field b λμ . As we can see in (32), b λμ appears in the covariant derivative in the form of the rotation in the yμ space. This means that D µ Φ is invariant under
We can easily check that the Chern-Simons term is also invariant under this transformation, and thus (50) is also a gauge symmetry of the theory. Now we summarize the gauge transformation of the six-dimensional theory.
We absorbed ξ Λ in (47) into the definition of the parameter Λ λ . In the weak coupling limit g → 0, we obtain the standard gauge tramnsformation on an M5-brane.
Covariant derivatives in 6 dim An intriguing feature of our six dimensional model is that one may define the covariant derivative in the fiber direction. By using the fundamental identity, it is easy to show that if Φ 1 , Φ 2 , and Φ 3 are covariant fields (such as X I or Ψ), not only D µ Φ 1 but {Φ 1 , Φ 2 , Φ 3 } are also covariant because of the fundamental identity,
It implies that the following combination defines the "covariant" derivative along the fiber direction,
Together with (32), which we repeat here again,
we have a set of covariant derivatives on M5 world-volume. These covariant derivatives possess the following important properties.
• Leibniz rule:
• Integration by parts:
Here D µ (µ = 0, 1, · · · , 5) represents D µ and Dμ.
Field strength As special cases of these covariant derivatives, we define the following field strengths of the tensor field.
where V is the "induced volume"
and H is the linear part of the field strength
H are covariantly transformed under the gauge transformation. Just like the case of ordinary gauge theories, the field strength H arises in the commutator of the covariant derivatives defined above:
where the dual field strength H is defined by
Maction and equation of motion
We rewrite the various parts of the Bagger-Lambert action in terms of the six dimensional fields and their covariant derivatives,
The scalar kinetic term is manifestly Lorentz symmetric up to the different structure inside the covariant derivatives D µ and Dμ. The Chern-Simons term cannot be rewritten in manifestly gauge-covariant form.
In the second expression we treat b µμ as a one-form field b µ = b µμ dyμ in the y-space. However, the equation of motion which is derived from these actions turns out to be manifestly gauge-covariant.
Comments on fermion action In the fermion kinetic terms in (70), only the SO(1, 2) × SO(3) subgroup of the Lorentz symmetry is manifest due to the existence of Γ123 in one of two terms. We can remove this unwanted factor from the kinetic term by the unitary transformation
where U is the matrix
The SUSY parameter ǫ is also transformed in the same way. Note that both Ψ and Ψ are transformed by U . This is consistent with the Dirac conjugation.
As the result of the unitary transformation, the fermion terms in the action become
After the unitary transformation, the condirion (15) becomes the chirality condition in six dimension,
where the chiality matrix Γ 7 is defined by
This means that the supersymmetry realized in this theory is the chiral N = (2, 0) supersymmetry, which is the same as the supersymmetry on an M5-brane.
Equations of motion It is easy to obtain the equations of motion for the scalar fields and fermion field as
The equations of motion of gauge fields b µμ and bμμ, and the bianchi identity are combined into the self-dual form:
The first two are equations of motion obtained from the action, while the last one is a Bianchi identity derived from the commutation relation (67). The currents on the right hand sides are given by
The self-dual tensor field H, chiral fermion field Ψ ′ , and the five scalar fields X i form a tensor multiplet of N = (2, 0) supersymmetry [13] , which is the same as the field contents on an M5-brane.
Supersymmetry
In this section we rewrite the supersymmetry transformations (18)- (20) in terms of the six-dimensional covariant derivatives and field strength. The transformation law (20) of the gauge field A µab with coupling constant inderted is
We cannot determine uniquely the transformation law of the component field b µν from this equation because of the existence of the gauge transformation (50), which acts only on b µμ . In fact, the transformation (84) only gives
where f (y) is an arbitrary function of yμ. One possible choice for δb µμ is
We can easily check that this transformation law reproduces (85).
In some situations an explicit appearance of b µμ is not necessary, but all we need is B µμ ≡ ǫμνρ∂ν b µρ , which satisfies the constraint ∂μB µμ = 0. The SUSY transformation for B µμ is uniquely determined from (85) as
and it is obvious that the constraint is SUSY invariant, i.e.
The transformation laws rewritten in terms of the six-dimensional notation are
A peculiar property of this SUSY transformation is that the perturbative vacuum (the configuration with all fields vanishing) is not invariant under this transformation due to the term in δΨ ′ proportional to 1/g. We can naturally interpret this term as a contribution of the background C-field. In the M5-brane action coupled to background fields, the self-dual field strength is defined by H = db + C (up to coefficients depending on conventions). The inclusion of C-field in the field strength is required by the invariance of the action under C-field gauge transformations. The shift of the field strength H123 by (1/g) in the action as well as in the SUSY transformation suggests that the relation C ∝ g −1 between the Nambu-Poisson structure and the C-field background. This statement of course depends on the normalization of the gauge field C. For more detail about this relation, see §7, where we derive the precise form of this relation including the numerical coefficients.
In fact, M5-brane in a constant C-field background is still 1/2 BPS. The effect of the C-field is changing which half of 32 supersymmetry remain unbroken. We can find this phenomenon in our six-dimensional theory. In addition to symmetries δ (nl) , which shift the fermion by a constant spinor
The action is invariant under this transformation because constant functions in yμ space are in the center of the 3-algebra. The perturbative vacuum is invariant under the combination of two fermionic symmetries
In the weak coupling limit g → 0, the transformation laws for this combined symmetry agree with those of an N = (2, 0) tensor multiplet [14] .
We obtained the transformation (97) only for µν =μν and µν. To obtain the transformation law of the b µν components, we first compute the transformation of Hμνρ and H µνρ by using the transformation law of bμν and b µν . Because the field strength is self-dual, it also gives δ H µνρ and δ H µνρ . The equations of motion (79) and (80) are the Bianchi identities as well for these components of field strength. If we can solve these Bianchi identities on shell and express them by using b µν , we can extract the transformation law of b µν from δ H µνρ and δ H µνρ . In the free field limit g = 0, we can easily carry out this procedure and obtain (97) for b µν .
Derivation of D4 action from M5
In this section we demonstrate that the double dimensional reduction of the sixdimensional theory correctly reproduces the action of non-commutative U (1) gauge theory, which is realized on a D4-brane in a B-field background. We here recover the overall factor T 6 in the front of the action. This has mass dimension 6 and can be regarded as the tension of the five-brane, while the coupling constant g is a dimensionless parameter. We should note that this tension T 6 is not necessarily the same as the usual M5-brane tension T M5 , because it may be corrected by the background C-field. We will later determine the parameters g and T 6 by comparing the five dimensional action obtained by the douple dimensional reduction of the six-dimensional theory to the noncommutative U (1) action realized on a D4-brane in a B-field background in type IIA theory. Once we obtain the expression for g and T 6 in terms of type IIA parameters, it will be easy to rewrite them in terms of the M-theory Planck scale and the magnitude of the C-field.
The double dimensional reduction means that we wrap one leg of the M5-brane on a compactified dimension, so that through Kaluza-Klein reduction we get one fewer dimension for both the target space and the world-volume. Let us choose the compactified dimension to be X3. In the double dimensional reduction, we suppress y3-dependence of all fields except X3. We have
We used a gauge symmetry generated by Λ1 and Λ2 to set b3 = 0. We impose the periodicity condition
The relation (98) and (99) implies that the compactification period of the coordinate y3 is gL 11 , and thus, the overall factor of the five dimensional theory becomes gL 11 T 6 . Let us now first carry out the dimensional reduction for the bosonic terms in the action. Since all the fields except X3 have no dependence on y3, we set ∂3 = 0 unless it acts on X3. We will use the notation that indicesα,β, · · · take values in {1,2}, and a, b, · · · take values in {0, 1, 2,1,2}. The antisymmetrized tensor ǫαβ is defined as ǫαβ = ǫαβ3.
Expecting that we will obtain a gauge field theory on a D4-brane, let us define the gauge potentialsâ
The covariant derivatives become
whereF ab , a µ , andD a are defined bŷ
The Poisson bracket {·, ·} is defined as the reduction of the Nambu-Poisson bracket {f, g} = {y3, f, g}.
We note that the components b µβ only show up through the formã µ in D4 action. Thus we find that, after double dimensional reduction, the scalar kinetic term in the BLG Lagrangian become
The Nambu-Poisson brackets which appear in the potential terms of the BLG action are
The potential term becomes
Upon integration over the base space and removing total derivatives, we can replace (F12 + 1/g) 2 byF 2 12 + 1/g 2 . It is also straightforward to show that the Chern-Simons term (71) gets simplified considerably as
Here again the action depends on b µβ only throughã µ . As the action depends on the fieldã µ only algebraically (namely without derivative), we can integrate it out. There are only two terms involvingã µ and by completing square, we find that the effect of integrating outã µ is to replace all terms involvingã µ by
The fermion part can be evaluated similarly. The covariant derivatives and bracket are
It is quite remarkable that, after collecting all the kinetic, potential and Chern-Simons temrs, the 4+1 dimensional Lorentz invariance is restored (up to the breaking by the non-commutativity). The sum of all these terms is simply
We performed the unitary transformation Ψ ′ = (1/ √ 2)(Γ3 + Γ 7 )Ψ ′′ to obtain the correct chirality condition Γ3Ψ ′′ = −Ψ ′′ for the gaugino on the D4-brane. (Nore that3 is now the "eleventh" direction and Γ3 is the chirality matrix in IIA theory.)
Let us compare the action (116) with the known result [15, 16] for a D4-brane in a B-field background, and match the parameters in this theory and those in type IIA string theory. The non-commutative gauge theory on D4-brane in a Bfield background is described with the Moyal product * , and the corresponding commutator, the so-called Moyal bracket [·, ·] Moyal , defined by
The non-commutativity parameter θ ij has the dimension of (length) 2 . Because the action (116) includes only finite powers of derivatives, it should be compared to the weak coupling limit θ → 0 of the non-commutative gauge theory. These two match if we truncate the Moyal bracket into the Poisson bracket by
where we turn on the non-commutativity in the1-2 directions by setting
Note that θ is defined as a dimensionless parameter. In the small θ limit, the bosonic part of the action of the non-commutative U (1) gauge theory on a D4-brane is given by [15, 16] 
in the open string frame. The world-volume coordinate yα in the open string frame is related to the target space coordinates Xα by
The covariant derivative and the field strength are
We normalize the gauge field A a so that it couples to the string endpoints by charge 1 through the boundary coupling S = ∂F1 A of the fundamental string world-sheet, and this gauge field has mass dimension 1. In the weak coupling limit, the non-commutativity parameter θ is related to the background B-field by
By comparing two actions (116) and (121), we obtain the following relations among parameters:
To relate quantities in IIA and M-theory, we use the following relations among tensions of M-branes and IIA -branes.
The relation T 2 M 2 = 2πT M 5 is also useful. In addition to the agreement of the action through the relations (125) and (126), we can check the consistency in some places.
Firstly, the relation (122) between the world-volume coordinates and the target space coordinates can naturally be lifted to the relation (44).
Secondly, the overall factor T 6 agrees with the effective tension of M2-branes induced by the background C-field. The background B-field (124) is lifted to the background three-form field
(We use the convention in which the gauge fields B and C couple to the worldvolume of corresponding branes by charge 1 through the couplings F1 B and M2 C.) Each flux quantum of this background field induces the charge of a single M2-brane on the M5-brane, and effective M2-brane density in the y-space is θ −2 T M2 /(2π). Thus, if we assume that the tension of M5-brane is dominated by the induced M2-branes, the effective tension becomes T M2 × θ −2 T M2 /(2π) = θ −2 T M5 . This agrees with the overall coefficients T 6 given in the relation (125).
Finally, the charge of the self-dual strings is consistent with the Dirac's quantization condition. From the comparison of the actions we obtain the relation of gauge fieldsâ
As we mentioned above, the gauge field A couples to string endpoints by charge 1. By the correspondence (129) we can determine the strength of the coupling of a and b to boundaries of the corresponding branes. The boundary interactions are given by
To obtain the second equality in (130), we used the fact that a string endpoint is lifted to an M2-brane boundary wrapped on the S 1 along y3 with period gL 11 . The coupling (130) shows that the charge of self-dual strings (boundary of M2-branes ending on the M5-brane) is Q = θ −1 T M2 . Because the gauge field b is a self-dual field, Q is the electric charge as well as the magnetic charge of a self-dual string, and it must satisfy the Dirac's quantization condition
We can easily check that this relation certainly holds. We can now explain the constant shift in the field strength as follows. The M2-brane action includes the following coupling to the bulk 3-form field C and the self-dual 2-form field b:
The gauge invariance of this action requires that under the gauge transformation δC 3 = dα 2 , the self-dual field on the M5-brane must transform as
. Thus, the gauge invariant field strength H of the tensor field b should be defined by
Therefore, the background gauge field (128) shifts the field strength as
This is the same as the constant shift in the definition (61) of H123. Now we have relations between parameters in the BLG theory and those in M-theory. The D4-brane action obtained by the double dimensional reduction is the weak coupling (g = θ → 0) limit of non-commutative U (1) theory because the Moyal bracket is replaced by the Poisson bracket. The coupling constant is determined by the background C-field, and the weak coupling means strong Cfield background through the relation (128). Our M5-brane theory is expected to apply better to the limit of large C-field background. This is also confirmed in the comparison of the five-brane tension. As we mentioned above, the effective tension T 6 is dominated by the tension of M2-branes induced by the background C-field. This is the case when the background C-field is very large.
For a finite C-field background, we expect that the Nambu-Poisson bracket should be replaced by a quantum Nambu bracket.
Seiberg-Witten map
It was found by Seiberg and Witten [16] that the gauge symmetry on a noncommmutative space can be matched with the gauge symmetry on a classical space via the so-called Seiberg-Witten map
whereΦ(Φ) is the field variable, andδλ the gauge transformation in the noncommutative gauge theory corresponding to Φ and δ λ living on the classical space. The gauge transformation parameterλ(A, λ) in the noncommutative gauge theory is a function of the gauge potential A and gauge transformation parameter λ in the gauge theory on classical spacetime. The Seiberg-Witten map is found as an infinite expansion of the noncommutativity parameters. In this section we find the Seiberg-Witten map connecting the gauge theories on spacetimes with and without the Nambu-Poisson structure, corresponding to M5-brane theories in trivial or constant C-field background. In this section only, we denote all variables in our M5-brane theory by symbols with hats, and those in trivial backgrounds by symbols without hats. As g → 0, the variables with hats should reduce to those without hats.
In the trivial background, we have the gauge fields bμν, b µμ and gauge transformations
In the M5-brane theory with a C-field background, we havê
It will be convenient to use the following variableŝ
instead ofbμν andb µμ . Similarly we define bμ and B µμ in the same way. We shall impose the constraints ∂μB µμ = 0, and
onB µμ and B µμ so that the existence ofb µμ and b µμ is guaranteed when the former are given. The gauge transformations of the new variables arê
was denoted by δ Λ yμ above, and it satisfies ∂μκμ = 0.
Analogous to all these equations above, we have the corresponding equations for variables on a M5-brane in the trivial background. They can be obtained by taking the g → 0 limit as
We need two Seiberg-Witten mapsbμ(b) andB µμ (B, b) satisfyinĝ
The solutions would be infinite expansions in g. To the first order terms in g, we find the solution aŝ
Some of the coefficients here are not completely fixed by the Seiberg-Witten map conditions (145-146), but they are uniquely determined by the requirement that the constraint (140) is preserved by the Seiberg-Witten map. It should be possible to solve for higher order terms order by order. To be complete, let us consider X I and Ψ, or anything that transforms like
The classical counterpart ofΦ has
The Seiberg-Witten map condition (135) is easy to solve for this case to obtain the first order terms, and the solution iŝ
A comment is needed here regarding the map betweenκμ and κμ, which are defined in terms of the gauge transformation parametersΛμ and Λμ. If one wants to determine the map betweenΛμ and Λμ, it is necessary to fix the ambiguity in the gauge parameters for a given gauge transformation. It is obvious that the transformation of the gauge parameterŝ
Λμ → Λμ + ∂μξ,
does not change the gauge transformations (136-138) at all. To avoid this ambiguity in the gauge transformation parameters, we can useκμ and κμ instead, and the existence ofΛμ and Λμ are guaranteed by the constraints (143). One can check that the constraint (143) is preserved by the Seiberg-Witten map (149). The ambiguity involved here is in the same form as a gauge transformation of 1-form gauge fields, and hence we can "gauge fix" the gauge transformation parameters by the following constraints
(Here we are raising and lowering indices using the metric δμν on N .) We can solve these constraints bŷ
and again we can demand the constraints
on the parametersημ and ημ, in terms of which we havê
where ∂ 2 ≡ ∂μ∂μ is the Laplace operator on N . This allows us to deduce the Seiberg-Witten map betweenημ and ημ, and finally the Seiberg-Witten map for the gauge transformation parameters can be expressed in the following nonlocal formΛμ
9 Interpretations of the M5-brane theory 9.1 As a field theory of the Nambu-Poisson structure
The gauge symmetry of the M5 world-volume theory is the volume-preserving diffeomorphism on N . The transformation law for both X i and Ψ are given in the same form
where the volume-preserving coordinate transformation
is parametrized by three arbitrary functions Λμ.
In the above we have considered b µμ and bμν as the gauge fields for the volume-preserving diffeomorphisms. Here we give a geometrical interpretation to these quantities in terms of deformations of the Nambu-Poisson structure.
The degrees of freedom corresponding to bμν, or equivalently bμ, is easy to understand. It arises in Xμ (44), and yμ is a longitudinal coordinate on the M 5 brane. Thus bμ corresponds to a coordinate transformation on N , which is not necessarily volume-preserving because ∂μbμ may be nonzero. In fact, one can view bμ as a parametrization of the deformations of the Nambu-Poisson structure due to a change of the coordinates
That is,
While bμ is used to parametrize deformations of the Nambu-Poisson structure, infinitesimal coordinate transformations
which preserve the Nambu-Poisson bracket, should be regarded as gauge transformations The other gauge potential b µμ appears in the covariant derivative (57)
Formally, the expression of the D µ suggests that B µμ is the gauge potential and ∂μ is the gauge symmetry generator, which also appears in (160). Indeed, instead of defining B µμ in terms of b µμ , one can view B µμ as the fundamental gauge potential, and guarantee the existence of b µμ through the constraint
The gauge field B µμ is reminiscent of the gauge field parametrizing complex structure deformations on a Calabi-Yau 3-manifold in the Kodaira-Spencer theory [9] .
Consider a generic 6 dimensional space equipped with a Nambu-Poisson structure. The decomposability of the Nambu-Poisson bracket implies that locally we can always choose 3 coordinates yμ such that the Nambu-Poisson bracket is just the Jacobian factor (23) . Thus the Nambu-Poisson structure induces the separation of local coordinates into the two sets {x µ } and {yμ}. This is analogous to the situation of a complex manifold, for which there are holomorphic z i and anti-holomorphiczī coordinates. A deformation of the complex structure can be described by specifying how the notion of holomorphicity is changed. A function on the complex manifold is holomorphic if
When the complex structure is deformed, the anti-holomorphic exterior derivative is changed∂
The gauge potential Aī i parametrizes how much mixing occurs between the holomorphic and anti-holomorphic coordinates due to the deformation of complex structure. In our M5-brane theory, B µμ plays a similar role as Aī i , and the covariant derivative D µ can be viewed as a deformation of the derivative with respect to x µ . It should be understood as a specification of how much the coordinates x µ and yμ are mixed by a deformation of the Nambu-Poisson structure. While the Kodaira-Spencer theory [9] is a dynamical theory of the complex structure, the M5-brane theory can be understood as a dynamical theory of the Nambu-Poisson structure.
To be more persuasive, we can make the analogy between the KodairaSpencer theory of complex structure and the M5-brane theory of NambuPoisson structure more explicit. For a Calabi-Yau 3-fold, there is a unique holomorphic (3, 0)-form Ω = 1 3! Ω ijk dz i dz j dz k . This allows us to impose a constraint on the gauge potential A as
The (3, 0)-form Ω is analogous to the Nambu-Poisson tensor field, which is taken to be gǫμνλ by suitably choosing the coordinates yμ. If we carry out the substitution
the constraint (171) is precisely the constraint (167) which guarantees the existence of b µμ .
Furthermore, the Kodaira-Spencer equation [17] , which is equivalent to the nilpotency condition of the deformed anti-holomorphic exterior derivative (169), is∂
If we turn off all other fields X i , Ψ and bμ, the equation of motion for
This is exactly what one obtains from (174) via the replacement (173).
To summarize, while b µμ and bμν are viewed as the gauge potentials for the gauge symmetry of coordinate transformations preserving a given NambuPoisson structure, B µμ and bμ should be viewed as two types of deformation parameters of the Nambu-Poisson structure of the M5-brane world-volume. We have bμ specifying the change of the Nambu-Poisson structure due to a change of coordinates δyμ in N (so that the volume form is changed), and B µμ the change due to a mixing of the two classes of coordinates x µ and yμ. The gauge symmetry corresponds to redundant descriptions of deformations of the NambuPoisson structure. The M5-brane theory with a self-dual gauge field can thus be interpreted as a dynamical theory of the Nambu-Poisson structure.
As an effective theory in large C-field background
The M5-brane action obtained from the BL action with the Nambu-Poisson algebra should be interpreted as the M5-brane theory in a large C-field background. In Sec.6, we find this interpretation to be consistent with the properties of the supersymmetry. Furthermore, in Sec.7, the noncommutative D4-brane action obtained via a double dimensional reduction from the M5 theory has g ∼ θ. As it is well known that for a D4-brane the noncommutativity parameter θ is given by B −1 in the large B-field background, we deduce that (with the specific normalization of C-field such that the self-dual field strength becomes
in the large C-field background for our M5-brane theory. In [1] , an analogy was made between the Nambu-Poisson structure on M5-brane and the Poisson structure on D-branes. For a D-brane in a constant B-field background, the effective D-brane theory is best described as a noncommutative field theory. In the limit of both large and small B-field background, the noncommutativity is small and the commutator can be approximated by a Poisson bracket, and the Poisson structure is determined by the two-form B-field background. More precisely, the gauge-invariant quantity which should be used to specify the background is F = B + F , where F = dA is the field strength of a gauge field A in the D-brane world-volume theory. We can fix the gauge so that the background value of F = B. Then a nontrivial configuration of the gauge field A corresponds to a change of F, and thus a change of the Poisson structure.
The invariant self-dual 3-form field strength on the M5-brane is H = C +db, where b is the 2-form gauge potential on the M5-brane. The Nambu-Poisson structure determined by a given background H = C is therefore deformed by turning on b, while a gauge transformations of b preserves H and thus the Nambu-Poisson structure.
In the case of D-branes in B-field background, there are several different ways to verify the connection between B-field background and the noncommutativity. One way is to quantize an open string ending on a D-brane and check that the endpoint coordinates obey a commutation relation determined by the B-field background [18] . Or one can compute open string scattering amplitudes [19] . Another way [16] is to find the Seiberg-Witten map which maps the commutative field A to the noncommutative fieldÂ, and then check that the (commutative) D-brane field theory with B-field background explicitly turned on is approximately the same as the noncommutative field theory without explicit B-field background.
Quantization of open membranes in the large C-field background has been extensively studied in the literature [20, 21] . However, quantization is by its nature associated with a Poisson structure, and thus the appearance of a NambuPoisson structure can not be manifest. On the other hand, in [22] , the scattering amplitudes of open membranes were studied in a large C-field background, and the result indicated that indeed the C-field background induces a NambuPoisson structure.
As a further support of our interpretation of the Nambu-Poisson structure as an effect of the C-field background, in the previous section we found the Seiberg-Witten map which matches the gauge transformation of ordinary M5-brane theory with the deformed gauge transformation (51-54) supposedly corresponding to a C-field background.
Further remarks
Quantization of the coefficients of Chern-Simons term In section 3 we showed that if the internal space is N = R 3 the model has no coupling constant at all. What happens when N is a non-trivial space? In such a case there may not be any simple way to remove the coupling constant by re-scaling of fields. It is an interesting problem to clarify constraints imposed on this coupling constant. For the case when the 3-algebra is taken to be A 4 , Bagger and Lambert [2] have shown that the eigenvalues of the structure constant f abcd ∼ ǫ abcd must be quantized as λ = π/k for k = 1, 2, 3 · · ·. It implies that in BLG model there are no tunable continuous parameters in the theory. In this paper, we have used Lie 3-algebras which has an infinite number of generators. One may wonder if we might have a similar constraint for the structure constant, especially if the internal space N is a compact space. For N = T 3 , for example, the generators are labeled by n ∈ Z 3 and the structure constant becomes [1] 
where V is the volume of T 3 and α is a constant. It is known that for any Lie 3-algebra with finite number of generators and positive invariant metric can be reduced to the direct sum of A 4 [23] . Here we have a consistent Lie 3-algebra with positive definite metric while the number of generators is infinite. A natural question is whether our algebra such as (177) can be understood as the direct (and infinite) sum of A 4 . If this is the case, we need to have a similar quantization condition for the structure constant. It will be very interesting if such quantization of parameter exists in the compact internal space N .
Global structure of internal space The classification of possible internal manifold N is another challenging issue. What is required in this paper is that (i) N is covered by patches with local coordinates yμ and (ii) on the intersection of different patches the local coordinates are related with each other by the volume-preserving diffeomorphism. T 3 is an obvious example of manifold with such structure. In order to understand the relation between M2 and M5, the mathematical classification N will be indispensable.
Multiple/long M5-brane In our paper, we construct a single M5-brane action from the BLG model. One of the most challenging issue is how to construct the action of multiple M5-branes. For that purpose, we need to construct a set of generators T A χ a (y), where T A (A = 1, · · · , d) are the generators of an internal algebra and χ a (y) is the basis of functions on N . However, as far as we try, it seems difficult to find 3-algebras of this form which satisfies the fundamental identity. One idea to understand the nature of this problem is to consider the multiple cover of N . Let us take the simplest example T 3 and take all of its radius to 2π. for simplicity. Then the basis of functions is of the form exp(i 3 µ=1
nμyμ)
where nμ is integer. Suppose one takes the double cover in y1 direction. Then it may be possible to take n1 to be half integer. So we have two sets of generators, one χ n for n1 ∈ Z and the other χ n for n1 ∈ Z + 1/2. We write the former generators as T n and the latter as S n . It is then elementary to show that {T, T, T } ∼ T, {T, T, S} ∼ S, {T, S, S} ∼ T, {S, S, S} ∼ S .
So the 3-algebra of original T 3 is contained in the algebra of covering space as a subalgebra. It is not difficult to show that similar effect occurs in general. Namely let us denote the 3-algebra associated with 3-manifold N as A N and letÑ be a covering space of N . Then A N becomes a subalgebra of AÑ . Since AÑ is not the direct product of AÑ with finite Lie 3-algebra as above, AÑ does not describe multiple M5 but it describes long M5 which wraps N several times. Such a connection, however, may be helpful to understand the multiple M5 in the future.
Vortex string and volume-preserving diffeomorphism As we commented, in our construction of M5-brane action, we do not need the metric on N but only its volume form, or in other words, the 3-form flux C on it. Our computation further implied that it is natural to assume that there is a very large 3-form flux C on the M5 world-volume. This set-up reminds us of the open membrane in large C flux. Since we can neglect the Nambu-Goto part (which contains the metric), the action becomes that of the topological membrane [24] ,
When this membrane has the boundary on M5, this topological action gives
It gives an action for the string which describes the boundary of the open membrane. When the target space has 3 dimensions and C ∼ ǫμνλ, this action is identical to the kinetic term of the vortex string [25] , which was found long ago. In the supermembrane context it was studied in [20, 21, 22] . In particular it was found that it can be equipped with the Poisson structure with the constraint associated with the diffeomorphism which defines the volume-preserving diffeomorphism naturally [21] ,
ω(f, g) := dσf (X)dg(X) .
Here { , } D is the Dirac bracket associated with the kinetic term and · · · in the first line describe the extra variation along the world-sheet which can be absorbed by the reparametrization of the world-sheet. In Bagger-Lambert theory, the gauge parameter has an unusual feature that it has two index Λ ab . In this picture, this structure is naturally interpreted as a result of the fact that for the string we can introduce two functions f, g to define the generators on the world-sheet. We hope that this connection with the vortex string would give a new insight into the BLG model.
or, equivalently,
where the current is given in the text. For the variation of the gauge field b λμ , we obtain
The equation of motion for b λμ is
This is not covariant, but we can covariantize this by multiplying g∂μXν .
By using (60) and (189), we can rewrite this equation of motion as follows:
The Bianchi identity (81) is obtained by substituting Φ = Xμ to the commutation relation (66). By using the definition of the field strength H, we can rewrite the left hand side as
and the right hand side becomes g 2 {H λνλ , Xν , Xμ} = ǫνμκDκH λνλ .
Combining these, we obtain the Bianchi identity
This is equivalent to (81) 
